Nonlinear general relativistic corrections to redshift space distortions, 
gravitational lensing magnification and cosmological distances 
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The next generation of telescopes will usher in an era of precision cosmology, capable of deter- 
mining the cosmological model to percent level and beyond. For this to be effective, the theoretical 
model must be understood to at least the same level of precision. A range of subtle relativistic 
effects remain to be explored theoretically, and offer the potential for probing general relativity in 
this new regime. We present the distance-redshift relation to second order in cosmological per- 
turbation theory. This relation determines the magnification of sources at high precision, as well 
as nonlinear aspects of redshift space distortions. We identify a range of new lensing effects, in- 
cluding: double-integrated and nonlinear integrated Sach-Wolfe contributions, transverse Doppler 
effects in redshift space distortions, lensing from the induced vector mode and gravitational wave 
backgrounds, in addition to lensing from the second-order potential. Finally, we identify a new 
double-coupling between the density fluctuations integrated along the line of sight, and gradients in 
the density fluctuations coupled to transverse velocities along the line of sight. These can be large 
in certain situations, and so offer important new probes of gravitational lensing. 



Introduction The main probe of cosmological mod- 
els comes from the relation between the angular diameter 
or luminosity distance of a source and its redshift. At its 
most basic level this relation determines the parameters 
of the cosmological model, but when perturbations due 
to structure are included, a host of new physics effects 
is revealed. The most important of these is the magnifi- 
cation of sources from over-densities, which arises as an 
integrated effect along our past lightcone. Another im- 
portant property is the distortion in redshift space due 
to the radial motion of sources relative to the Hubble 
flow. More subtle are the integrated Sachs- Wolfe (ISW) 
terms due to the evolution of the potential along the line 
of sight, and the pure SW effect which arises from the 
potential difference between source and observer. 

All of the known effects on the distance-redshift rela- 
tion are calculated at linear order in perturbations [1]. 
Relativistic linear effects in other observables are also 
now being considered [2-4], and affect observables such 
as the correlation function of galaxies at the few per- 
cent level [5]. However, at second order other general 
relativistic effects must come into play. As structure 
evolves, the linear modes generate nonlinear ones, many 
of which are not present in Newtonian theory. Impor- 
tant examples of these are the induced vector and tensor 
modes whose spectra peak in power at the equality scale, 
around 100 Mpc [9, 10]. The full effect of such modes 
on the optical properties of the model are not known 
in detail, though there are partial results which include 
the distance-redshift relation in a pure dust model [6] 
and the lensing shear [7]. We present here the second- 
order distance-redshift relation for a ACDM model, and 
identify key new lensing effects, some of which will be 



observable with the next generation of cosmological ex- 
periments. The derivation is very involved and will be 
presented in an accompanying paper. 

nonlinear optical equations In a general space- 
time, the optical properties are governed by the Sachs 
equations. Lensing effects comes in several parts. The 
redshift of a source z is related to the affine parameter A 
along a light ray via 
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where O is the volume expansion rate of cold matter, o~ a b 
is its shear, and n a is the spatial direction of the light 
ray. Isotropic lensing (magnification), is determined via 
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Here, D A is the area or angular diameter distance, k a is 
a past-pointing null vector with expansion 9 and shear 
S a 6, N a b is the screen space metric, and angle brack- 
ets denote the trace- free part. The luminosity distance 
was calculated to second-order for a dust model in [6]. 
We expand and integrate these equations at second or- 
der in perturbation theory to determine redshift space 
distortions and lensing magnification to high precision in 
a perturbed FLRW model. 

Second order perturbations For a flat background 
the metric in the Poisson gauge is 

ds 2 = a 2 [-(l + 2$ + $ (2) )d?7 2 + 2S i da;M77 

+ ((1 - 2$ - ^)5 l3 + hij) dx'dx 1 ] , (4) 
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where we neglect first-order anisotropic stress and vec- 
tor and tensor modes. The first-order potential is $ = 
g(r))$o(x), where the growth suppression factor is deter- 
mined from g" + SHg' + a 2 Ag = 0, with initial conditions 
at the end of the radiation era giving $>q(x). The vari- 
ables $ (2) , \& (2) , Sj, hij are second order, and are sourced 
by terms C($ 2 ). The full solutions to the second-order 
potentials may be found in [8]; on small scales they are 
given by 

(5) 

where consist of integrals over the growth suppres- 
sion factor. On large scales they are no longer equal. The 
second-order vectors arc determined from [91 



16 



m 2 n, 



-v- 2 jv 2 $<9 4 ($'+-H$) y 



(6) 



where V denotes the vector contribution of the part in 
braces. These modes peak in power at the equality scale, 
and have the same spectrum as $ below this scale, but 
with <1% of the amplitude. Finally, the tensors are given 
by [10] 

ti-j + ZHtiy - V 2 h i:j = I - 16<f>didj$ - 8d^dj^> 

[n 2 8i*dj$ + md&d&' + di&dj&j }(7) 

where T denotes a tensor projection [11]. The induced 
GW background also peaks in power around the equal- 
ity scale, and is surprisingly larger than the primordial 
background on these scales. 

The cold matter 4-velocity u a is 
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where v is the first-order velocity potential, given by v = 
-2[3% 2 n m ] _1 + $')• Tne second-order velocity has 
scalar v <2> and vector v {2) contributions, given by 
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which can be split into scalar and vector parts us- 
ing a suitable projection in Fourier space. The 
density perturbation is given by S = 5p/p = 
2 [V 2 $ - 3H ($' + %<&)] I a 2 p. The second-order density 
perturbation is given by 

a 2 S 2 p = 2V 2 * <2) - 6 (H 2 $ <2) + H^ (2> ) + 16$V 2 $ 
+6d fc *0 fc $ + 6$' 2 + 24H 2 $ 2 - 6H 2 n m d k vd k v .(10) 



Redshift space distortions The observed rcdshift 
of a source to second order is 
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where z is the redshift in the background, and the first- 
order contribution is 
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where A is the affine parameter in the background, and 
<9|| = n l di where n l is the direction to the source in the 
background. This consists of a Doppler term, a SW con- 
tribution from the difference in potentials at source and 
observer, and an ISW term. At second order we have 
similar contributions: 



S 2 z 



Dopplcr + SW + Dopplcr x SW + ISW . (13) 



The pure Dopplcr terms consist of pure second-order con- 
tributions, and quadratic first-order terms, which include 
the transverse Dopplcr effect, and a new coupling be- 
tween source and observer: 

Doppler = v™ - u[ 2) + d llV (2) - dp< 2) + d llVa d {l v 3 (14) 
+V± k v s ^±v s - <9||u <9||V - V± k v \7'lv + d\\v d\\v s . 



Here, we have defined 
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as the radial part 



of the vector mode of the velocity. The SW terms also 
contain pure and mixed contributions, which couple the 
potential at the source and observer: 
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There is a coupling between the Doppler terms at source 
and observer with the potential: 
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The ISW effect at second order is much more compli- 
cated, and consists of several contributions: 

ISW = ISW (2) + ISW x SW + ISW x ISW 

+ISW x Doppler + Integrated ISW (17) 

where we have a pure second-order ISW contribution: 

ISW (2) = / ($ (2) ' + * (2) ') + Sj, - h\ - 16$$' dA . 

(18) 

We have defined h\\ = n l n^hij as the radial part of the 
tensor mode. Then we have the first-order ISW effect 
crossed with SW, ISW and Doppler terms: 

ISWxSW- / {32$q$ + 8(A S - \)d i § d i $ 
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Finally, we have the double-integrated SW terms: 



Integrated ISW = -16 



$(A) 



$"(Ai)dAi 



dA 



A s 



$'(A 1 )dA 1 / $"(A 2 )dA 2 



dA 



A /-A 

5,$(Ai)dAi / d*$'(A 2 )dA 2 

A„ J\ 



dA . (22) 



These new effects contribute to the nonlinear rcdshift 
space distortions. 

Distance-redshift relation The area distance to 
second order in perturbation theory is given by 
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The second equality in (26) is written in terms of the 
observed redshift z s rather than the background redshift, 
which includes the corrections from redshift space distor- 
tions. The magnification, [i, is related to the determinant 
of the amplification matrix, A, according to [i = 1/det A. 
In terms of the shear, 7 and convergence, k, the magni- 
fication is given by [i = [(1 — n) 2 — I7I 2 ] . The deter- 
minant of the amplification matrix is proportional to the 
square of the area distance, det A = D A , hence the mag- 
nification in terms of the observed rcdshift is given by 
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Finally, the luminosity distance can be calculated from 
D L =\l + z s ) 2 D A . 



The first-order contribution to the area distance is 
given by 
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This expression consists only of potential terms, with the 
main contribution - the lensing term - being the last one. 
Note that the Doppler terms arise from the redshift factor 
when converting from background to observed redshift - 
see (26). 

The second-order contribution is 



— =- — = Boundary + 2nd-order ISW + 2nd-order lensing 
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where the boundary terms are the corrections to the dis- 
tance given by differences between the metric potentials 
at the source and observer: 
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The integrated pure second-order effects come in two 
parts. First the ISW terms are integrals over the metric 
potentials along the line of sight: 
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Then we have the second-order lensing terms: 
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The shear of the matter along the line of sight gives an 
integrated contribution at second-order: 
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Next comes a contribution from an integrated coupling 
between the first-order distance, coupled to the potential 
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This coupling integrates density fluctuations twice along 
the line of sight and is a key new effect for nonlinear 
lensing. Finally we have the terms which are integrals 
over the first-order potential: 
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Conclusions We have presented for the first time 
the detailed distance-redshift relation to second order. 
We have identified key new terms which govern gravita- 
tional lensing magnification on large scales and for large 
over-densities. In addition we have presented new effects 
which contribute to redshift space distortions. These are: 

nonlinear Doppler effect This comes in several forms. 
The radial parts of the scalar and vector second- 
order velocities contribute in the same way as at 
first order. Then the terms 0(v 2 ) reveal the trans- 
verse Doppler contribution in the cosmological con- 
text. While small, these give the potential to mea- 
sure transverse velocities through redshift space 
distortions. 

nonlinear density coupling From (32), when the 
first-order 5Da(z s ) is substituted, we have a prod- 
uct of the first-order lensing term and gradients of 
the gravitational potential, which gives the domi- 
nant contribution to second-order lensing. By (32) 
this may be approximated as: 

J\ (A- _ a j 
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transverse derivatives of the density fluctuations to 
the transverse velocity integrated along the line of 
sight. These offer the potential to measure trans- 
verse velocities as these terms can be very signifi- 
cant. The final term in this integral is a coupling 
between all the density fluctuations along the line 
of sight, and in certain situations can easily be com- 
parable to the main first-order lensing term. 



While the other terms in the distance-redshift expan- 
sion are generally small, they offer a rich variety of new 
physical effects to be understood. In particular, there 
are many terms which contribute to an ISW-typc of ef- 
fect, but now it involves integrals over the scalar, vector 
and tensor potentials at second-order, as well as the first- 
order potential squared, together with its radial and tan- 
gential derivatives. Furthermore, we have also identified 
several instances of double integrated SW terms in both 
the redshift space distortions and in the distance-redshift 
relation. These may be important in further refining our 
understanding of dark energy. 



This double-integrated term has some very signif- 
icant contributions. The first two terms couple 
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